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Second-harmonic generation by intense lasers in inhomogeneous plasmas
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We study the second-harmonic generation by laser interaction with a cold inhomogeneous underdense
plasma, using a perturbative approach to solve the coupled set of Maxwell fluid, and momentum equations.
The laser field is assumed to be Gaussian with diffractive effects included. The solution of the second-order
inhomogeneous wave equation is obtained from the Green’s function formalism in the paraxial approximation.
We show that the total power generated is proportional to the square of the laser intensity and independent of
the plasma density in the low-density limit. Depending on the laser beam waist and on the plasma density
profile, the second-harmonic generation can be highly efficj@1063-651X%96)02407-5

PACS numbe(s): 52.40.Db, 42.25-p, 42.65.Jx, 52.35.Mw

Until the end of the past decade, the intensities of theproaches consider the one-dimensiofD) approximation
available focused lasers were limited to the range ofwhere all physical quantities are functions of a single vari-
10"%-10'® W/cm?. The new laser technology based onable {=z—wvt). In this case the existence of constants of
chirped pulse amplification in solid state amplifiers followed motion simplifies the problem for the harmonic generation
by temporal compression at the picosecond or subpicosecority intense laser-plasma interaction. Of course, a 3D scheme
duration[1] made possible the production of compact, in-is required to treat the situation where the plasma is radially
tense, terawatt lasers. After focusing, they may reach interinthomogeneous. Recently, Brargtial. [3] have studied the
sities above 1¥ W/cm?, which represents laser field third-harmonic generation by an homogeneous plasma, using
strengths larger than one atomic field unit. When the lasethe Green’s function approach to solve the 3D Helmholtz
pulse reaches intensities of the order of®1@v/cm?, all ~ equation. We closely follow this work adopting a perturba-
atoms irradiated by the laser are ionized, a plasma is formetive scheme, i.e., all the physical quantities are expanded as
with densities in the range 19- 10?°°cm ™3, the laser propa- Powers of the incident laser field. This corresponds to a situ-
gates in these plasmas, and the interaction is then dominat@on where relativistic corrections are small. Furthermore, as
by electron-photon coupling. For high-intensity short pulsesin Refs. [3,5], we introduce the expansion parameters
the plasma can be considered as a mixture of a cold electron=Ao/271 o<1, where\, andr, are the laser beam wave-
fluid and a fixed-ion background ensuring the electroneutrallength and waist, and= w,/wy<1, with wg=2mc/\, be-
ity of the plasma. The motion of the electrons in the presencéng the laser frequency. The first assumption corresponds to
of such fields is weakly relativistic, and connected to thisthe paraxial approximation and the second to the requirement
behavior, various effects such as relativistic self-focusingthat the plasma is very underdendé,<10” cm~3. We
wake field generation, production of strong magnetic fieldshave also defined the parameteg=\,/27wLs<1, where
electron-positron pair production, harmonic generation, havés is the typical electron density gradient length. The
been theoretically predicted. This last effect is treated in thgparaxial approximation is valid near the propagation axis,
present work, where we consider the second-harmonic genvhich justifies the modeling of the initial electron plasma
eration by interaction of an intense laser with a preformediensity by taking the parabolic approximation
cold underdense inhomogenous plasma, with plasma fre-
quencywp=ckp=(4w.e2.NC/m0)1’2, wherem, is the electron No=Ng(1+op%L2) =N.f(p),
rest mass andll . the initial plasma density at the center of
the laser beam, as discussed below. As previously shown
[2,3], no second harmonic is generated for an initially uni-wheres=—1(+1) denotes the electronic plasma density as
form plasma density; generation of even harmonics required maximum(minimum) on the laser axis. Here we have sup-
that the laser must interact with plasmas having initially denfosed that the laser beam propagating alongztdeection
sity gradients, which occurs when a laser pulse ionizes nelthas maximum intensity gi= x>+ y?=0.
tral gas. When an intense laser pulse is focused in a gas, it The electric fielde and the magnetic fielB are written in
produces a plasma through multiphoton or tunnel ionizationterms of the scalar potentidh and the vector potentiah,

The plasma density builds up when the laser intensity exie., E=—V®—1/cdA/dt, andB=V xA. The relativistic
ceeds the gas ionization threshold. Since the multiphoton ctold hydrodynamic equations for the electron fluid consider
tunnel ionization has a strong nonlinear dependence on thid#e electron densityN and the electron momentur®
laser intensity, a Gaussian beam radial intensity profile pro=mgyV [V is the fluid velocity andy =(1+P?)¥2 is the
duces a plasma with strong radial density gradients, th&orentz factof. These equations are coupled to the wave
maximum being on the beam axis. This effect has been olequation and Poisson’s equation through the charge density
served in connection with defocusing of laser beams by plas—e(N—Ng) and the current densiy=—eNV. It is conve-

mas formed from noble gasg4]. Due to the complexity of nient to normalize the quantities appearing in these equations
the harmonic-generation problem, most of the theoretical apas
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a=eA/myc?, p=ed/myc?, where we have definek,(p)= \/4a)02/02—k2pf(p). Follow-
ing the same procedure as in Ref3], one obtains
p=P/mgc=yV/c, n=N/N. kf,(nlpl,_+ NoPaL) + 1/cdV e,/ dt=0(asd?) and therefore
we have
We then have the set of coupled nonlinear equations
1, ) [V2+kalp)?]ap=1 8%Ko( VT - 80) 0. (12
Eﬁ(p—a)=V(¢—7)+;><V><(p—a). (N

The right-hand side of Eq12) corresponds to the source for
the second-harmonic field. It is a transverse figtdlowest

1&—n+V-(Ep) -0, ) order_ in §) associated with the gradient of the electronic
c ot y density.
To solve Eq.(12) we assume that the pump laser is
V2¢>=k§[n—f(p)], 3 Gaussian with diffractive effects included. In this case the
vector potential is given by
, 17 (N | 1dVeé ,(n
VoA P e Telye) o @ 80=6.as(p, 2) X W), (13

where the Coulomb gaug€-a=0 has been assumed and where
F, andF_ are the transverse and longitudinal components of
a vector fieldF. iZg

To study the harmonic generation, we develop a perturba- as(p,2)=— Z_—iZRaOeXF{
tive expansion of all plasma quantities in terms of powers of
the known laser vector potential amplitudg. This ampli-
tude is related to the laser intenslty by

2

. P
IkOZ(Z_—iZR) , (14)

Wo=koz— wot, andzg=Kkor3/2 is the Rayleigh length. The
approximate solution of Eq12) may be obtained neglecting

- —1 1/2 to order 82 the spatial dependence k3(p)?, which is rein-
80=4.25< 10" F N o pm) J[ 1o Wrom?) 1% © forced by the assumption of the paraxial approximation jus-

For A\o=1 um, the perturbative treatment breaks for laserlifying the parabolic m_odelling _of the electronic density.
intensities of the order of ;=10 W/cm?2, which imply From the Green'’s function solution of the Helmholtz equa-

ap=1. tion
If the plasma is stationary and neutral, in zero order of 2 ) )
the laser field, from Eq¥1)—(4), the plasma quantities are (Ve+ko)g(r—r')=—4ms(r—r'), (19
Po=0, ng=f(p), ¢9=0, and yo=1. To first order, the
equations are with
19 expgk,|r—r|
— —(py—ay) =V, 6 =2 1
c st P1m @)=V ®) 9(r—1") === (16)
109 -
- ﬂ+v,[f(p)pl]:0, (77 andk,= \/4a)02/C2.— kzpf(p)22k0[1+3/852f(p)], we inte-
c ot grate Eq.(12) to find
V2¢1=kﬁn1, 8 i 052k0~2
B=— 27 L2 -agle,, (17)
1 42 19 T bs
(VZ__Z_Z a=Kf(p)py+ = = Vebs. 9
ce ot c ot with
In order to calculate the second-harmonic field, it is nec- . . . , ’
essary to obtain only the first-order correction in the elec- |:J' M dzrf x’dx’f dy’( 1Zr )
tronic density. From Eq$6)—(8), we find up to second order -7, —w —w Z—izg
in & 2 2 ;
X" +y' e lexpky|r—r/]
i X ex IkO(Z'—iZ ) 1] (18
n; = Vf-ao, (10 R
0

The primed quantities in Eq18) are to be integrated over
whereko=2m/\q. Using Eq.(10) and the second-order ex- the corresponding integration variable anid the observer's

pansion of Eq(4), we obtain to lowest order i® position. The plasma is modeled by a finite slab extending
from —Zyto Zy,.
1 Ve, In the paraxial approximation the radiation zone is defined

2 2 _ 1,2 2 - =
[V=+ka(p)"1ag=kKpna(PaL +Pau) +Kpopar + ¢ —— by the relation|z—z’|>|x—x'|,|ly—y’| and therefore one

(11 has
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_ zy d7 izg \2 P,| 4as_,
I =exp kZZJ'Z()m(Z,_—iZR) ma>{ P—l) = 9 Zzao. (24
- (e, , o , - X/2+y12
xexpakz f_wx dx j_ocdy ex Iko(z’—izR) On the other hand, for>zz we have
K, (Xx—Xx")%+(y—y')?
XeX[{i EZ ( )Z_Z(’y) y ) }, (19) P2 1 aé
( = a2 (25)

, P, 9277
where we have definetlk=2k,— k,= — 3/4k,5%. We solve
Eqg. (19 in the limit Akzz>1, which is equivalent to the
condition kyro>1. In the high-intensity chirped pulse  The power conversion rate varies as the intensity of the
Nd:YAG laser experimentgwhere YAG denotes yttrium |aser powel ,. Moreover, it is independent of the electronic
aluminum garngtthe spot size  is typically of the order of  plasma density, which may be explained by the exact com-
10 pum [7]. Thus our approximation is valid for electronic pensation between the increase of the source for the second-
plasma densities larger than<a.0'” cm™~2. We obtain harmonic field withs? and the phase mismatch represented
~> ) _ by Ak, which also varies ag®. A qualitative discussion by
Uaox explik,2) - Xty (20) Esareyet al. [2] predicts that volume effects due to the
koLg (1+iz/zg)? 0 & “halo” region (the portion of the interaction region where
the gas is not fully ionizedof the laser pulse should change
where the factord(L) depends on the length of the plasmathe 13 dependence of the second-harmonic total power gen-
L=(Zu+Zo). ForL<zg, the diffraction of the laser beam erated tol3?, as is the case of atomic harmonic generation
is negligible over the extension of the plasma and then weg] since the emitted power is independent of the electronic
find plasma density, no modifications in this intensity dependence
4 should occur due to the “halo” region effects. We should
A(L)=— —iexiAK(Zy—Zo)/2]sinAKL/2). (21)  hotice that althoughvs,a<1, the experimental conditions
3 for a chirped pulse laser may be such that «>1, which

may lead to a highly efficient mechanism of second-
On the other hand, for a very long plastha z;, the am- harxr/nonic generatior?. y

plitude of the second-harmonic field approaches the constant Summarizing, the emission of second-harmonic radiation

value A(L)=2/3. o , by a cold, inhomogeneous, underdense plasma has been
The second-harmonic field found in EQO) corresponds g gied using a Green's function formulation to calculate

to the transverse Hermite-Gaussian mode TgMccording 6 total power generated by the second-harmonic radiation.
to Eq. (20), the second-harmonic field is an odd function of the physical quantities have been expanded in terms
X. For c=1(—1), and at a point in the half-space corre- ;¢ iha parametersa=\o/27r g<1, =w,/wy<1, and
sponding tox>0, whena, is along the positivec direction, — , _\ o7 <1. Furthermore, our calculations are re-
it points towards the highe{tovx_/er) plasma density region of iited to the conditiorkpr0>,1, which implies 6 > a.
space, whereas the negatiwelirection corresponds to lower Tynicaily those approximations correspond to the range of
(highen densities. Such asymmetry is at the origin of thegiectronic plasma densities fromaL0L7 to 107° cm 3. We
second-harmonic generation. In the half-spaee0, how-  p5ye considered a perturbative expansion in terms of powers
ever, the asymmetry occurs in the opposite sense, thus et the nump laser vector potential. For a chirped pulse laser

planing the change of sign of the second-harmonic field. Thig,;:, No~1 wum, our perturbative approach is valid for laser

results in the generation of a beam characterized by a promﬁltensities smaller than BW/cm?. Nonperturbative results
corresponding to a zero intensity on the bea”_‘ qxis. re at the moment restricted to 1D modgl, which are

The power radiated by the second harmonic is calculatedo sy inadequate to treat the inhomogeneous case discussed
from the flux of the Poynting vector through the surfacejn this paper. To study the harmonic generation by very in-
defined by a plane perpendicular to thexis. Since tense fields such as those expected in the relativistic self-

a=A(L)

c Y focusing regimg[5], new 3D theoretical schemes must be
S= Re{—Ex H* |= _2|’§2(|_)|2€Z, (22)  developed. N .
8m 8m The results show that the emision occurs in a transverse

Hermite-Gaussian mode, that the total power is proportional
to IS, and that the power conversion rate is independent of
the electronic density within the range considered in this
4 paper. Under certain conditions on the preformed plasmas,
) as. (23)  the interaction of intense lasers with inhomogeneous plasmas
may be an efficient mechanism of second-harmonic genera-

The power conversion rate is defined as the ratio of thd'on-
power in the second harmoni, to the power in the pump The authors acknowledge the partial support from the
laser fieldPy= wokor 5/168 5. Its maximum value occurs for Brazilian Agency Conselho Nacional de Desenvolvimento
odd multiples ofL = w/Ak<zg: Cientfico e Tecnolgico.

we find from Eq.(20) the following expression for the power
in the second harmoniB,:
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